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The behaviour of a strong shock wave, which is initiated by a point explosion
and driven continuously outward by an inner contact surface (or a piston), is
studied as a problem of multiple time scales for an infinite shock strength,
Jen/@—>00, and a high shock-compression ratio, p,/p, ~ 2y/(y—1)=€e1>» 1.
The asymptotic analyses are carried out for cases with planar and cylindrical
symmetry in which the piston velocity is a step function of time. The solution
shows that the transition from an explosion-controlled régime to that of a
reattached shock layer is characterized by an oscillation with slowly-varying
frequency and amplitude. In the interval of a scaled time 1 <€ t € €231+, the
oscillation frequency is shown to be (1-+v) (2m)~1i-3@ and the amplitude varies
as t~16) matching the earlier results of Cheng et al. (1961). The approach to
the large-time limit, eV oo, is found to involve an oscillation with a much
reduced frequency, im(1+v)e~¥-1, and with an amplitude decaying more
rapidly like e—#-#4+3); this terminal behaviour agrees with the fundamental
mode of a shock/acoustic-wave interaction.

1. Introduction

The dynamics and structure of a blast wave, initiated by a point explosion
and driven outward continuously by an inner contact surface, has been analysed
recently by Cheng & Kirsch (1969). The analysis, which is asymptotic for a
high shock-compression ratio, treats the interaction of a shock layer and an
inner region, called the entropy wake of explosion. For a monotonic contact-
surface motion which is faster than the shock motion of a pure (Taylor-Sedov)
blast wave, the analysis shows that the shock layer will be caught up by the sur-
face at large time, that is, the shock layer will ‘reattach’ to the surface, and that a
decaying oscillation generally accompanies the reattachment. However, close
examination reveals that the higher-order terms in Cheng & Kirsch’s (1969)
expression cease to be valid at a large time. In the present study, we treat the
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large-time oscillatory problem as one with multiple time scales and analyse in
detail the transition to reattachment for the plane and cylindrical cases in
which the piston velocity is a step function of time, as illustrated in figure 1.
The corresponding problems with spherical symmetry and with initial density
stratification are treated in subsequent work (Moh 1971).

Similar oscillatory behaviour was identified earlier by Cheng ef al. (1961), in
the analysis of the equivalent problems of hypersonic flows past blunted wedges
and cones using a rather crude Newtonian model. Although an oscillation is

Contact
surface

y~AtZ/(3+V)

(0]
Y

Ficure 1. A wave diagram showing a blast wave driven outward by a contact surface
expanding from the origin of the blast. In the sketch, ¢ is the time and y is the distance
from the spatial origin of the blast.

not apparent in the well-known work of Chernyi (1959) (see, for example, Mirels
1962, Cox & Crabtree 1965, Guiraud ef al. 1965, and in particular, pp. 363364
of Hayes & Probstein 1966) a distinet wavy pattern can be identified by both
asymptotic and numerical analyses as noted recently by Schneider (1968). In a
study of the downstream asymptotic behaviour of inviscid hypersonic flows, to
be discussed more specifically later in §7, Ellinwood (1967) reports that, for a
blunted wedge or cone, a whole family of eigensolutions, each with a distinet
characteristic frequency, is admissible to his model flow. However, the result
cannot be considered as evidence of oscillation in solutions to problems with
prescribed piston motions, since the eigensolutions are infinite in number. The
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main objectives of the present analysis are to arrive at a Newtonian solution
valid at large (and all) time, and to clarify the issue on the oscillation.

From the theoretical gas-dynamics viewpoint, the problem under study is of
interest in that it furnishes for the first time examples wherein the history of
reattachment of a Newtonian shock layer can be analytically delineated. The
analysis is also of interest as an example in the method of multiple time scales
applied to partial differential equations, not treated in standard works (Van
Dyke 1964 ; Cole 1968, ch. 3). A hydrodynamic model involving an explosion
in a spherically stratified atmosphere has been proposed by Parker (1963, pp.
92-112) for the sudden solar corona expansion (see Goldworthy 1969). A similar
oscillation in Parker’s model may be anticipated at large time, if the model
remains valid. Wavy shock patterns at large time or distance can develop
even in cases in which the contact-surface motion is not prescribed a priori,
such as being found in a study of the combined bluntness and boundary-layer
displacement effect in an axisymmetric hypersonic flow (Cheng 1969), in which
the contact surface is replaced by the boundary-layer outer edge.t

To conserve space without sacrificing clarity, most analytical details are
presented for the piston problem in the planar case. The corresponding solution
to the oylindrical case can only be sketched briefly. In the next section, the
nature of the large-time problem is described; the basic construction and the
proper variables for the principal transition region are introduced and studied
in §3; the analysis of the piston problem in the planar case is presented in §§4
and 5; the corresponding analysis of the ¢ylindrical piston problem is summarized
in §6; and the final results of the two analyses are discussed in §7.

2. Basic equations and nature of the large-time problem
2.1. The exact model problem

Following the basic formulation of Cheng & Kirsch (1969), it is assumed that
there is one shock of infinite strength separating the disturbed and the un-
disturbed uniform regions; that the fluid motion is (inviscid) particle-isentropic;
that the gas is calorically perfect; and that immediately after the explosion,
the field is described by the constant-energy solution.

The differential equations governing the model explosion problem, specialized
to spatially symmetric motion in one, two, and three dimensions, can be written

as
oy y\"op 0 (p) (y) W P oy
—_ = = —_— — = —] —_— _— = —— = - 2.].
Peo ot? (?J*) Oy Ot \p¥ > Y &1

Ys) 0Ys P o
where ¥, p, p, v and y are distance from the blast centre, pressure, density,
velocity, and specific-heat ratio of the gas, respectively; the index » takes on

+ Flows past concave (as well as certain convex) slender bodies in the hypersonic
strong-interaction régime also exhibit similar behaviours under the Newtonian approxi-
mation, even in the absence of an entropy wake and/or entropy layer. The latter’s role is
taken up in this case by the low-density hypersonic boundary layer. An example of this
kind is noted recently by Stollery (1970), to which a two-timing analysis is also applicable.
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0, 1 and 2 for planar, cylindrical and spherical symmetry, and the subsecript co
refers to the uniform initial state. The independent variables ¢ and y, are,
respectively, the time and a Lagrangian co-ordinate. The trajectory of a particle
in the physical ¢, y plane may then be described by y(2, y,) with y, signifying the
particle ordinate y when the particle crosses the shock (see figure 1). The outer
boundary conditions are furnished by the Rankine—-Hugoniot conditions which
for an infinite shock strength and with the shock ordinate written as y = y, (?),
are

b= 7%pm ?]gh, = %pw, Y =Yan() = Yx (2.2)
where the dot stands for the time derivative.

The boundary condition at the inner contact surface is

Y= at yu=0 (23)
if the motion of the contact surface is prescribed. In the case analysed in detail
below, y, oc t for £ > 0.

The system (2.1)—(2.3) admits a particular solution which approaches the self-
similar constant-energy solution in the limit {0, i.e.

Ygp ~ ALHED) as t>0, (2.4)

where 4 is a constant of integration, provided . /t¥3+)—>0 as £->0. The
specification of the initial energy release E, determines 4 and the particular
solution desired for ¢ > 0.

2.2. The Newtonian theory and non-uniformity
The analysis of Cheng & Kirsch (1969) made under

e=(y—1)/2y <1

dealt primarily with a régime in which the field between the shock and the
piston is occupied in most part by a highly stratified low-density region — the
‘entropy wake’. This régime, or period, may be referred to as the ‘explosion-
controlled régime’ in that the initial energy release dominates the energy
balance of the flow (although the field cannot be generally described by the self
similar constant-energy solution). Matching of the solutions yields a relation
between the surface pressure and the shock co-ordinate, called ‘pressure-volume
relation’, in each order of the approximations. With the pressure furnished by
the Busemann formula for the leading order, and a similar formula for the next,
the relation leads to an ordinary differential equation for each coefficient in the
shock-co-ordinate expansion

Y =y,/b =Y, (6) +e¥ () + ey (E) + ..., (2.5)

where { = t/7, and b and 7 are properly chosen length and time scales, respectively.
Underlying the analysis is the use of a time scale (with b, = 1, 27 and 47 for
v = 0, 1 and 2, respectively)

7= [Pk, BO2(1 + ) cB T, (2.6)

which ensures that all dimensionless variables including ¥ belong to the unit
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order in the explosion-controlled régime. For obvious reasons, the régime
f = O(1) will be alternatively referred to as the ‘finite-time period’. In subsequent
analysis, the cap in the symbol # will be omitted for convenience.

For the special case y, o< , we may set b/7 = ¥,; the contact surface may then
be written as ¥, = y,/b = t. For this case, the finite-time analysis (Cheng &
Kirsch 1969) gives the oscillatory behaviour at large ¢
fo— Py (1+»)24

c

= ¢ Ocos [2t30+) 4
Peo 2 [ ol

T HED)
— e{ B, e+ gin [2ﬁ(l+v) + @l + .. } + 0[€2t;];<9+11v)]’ (2.7
1

where B, is §(1+v)24,, and the constants 4, and ¢, can be quite accurately
inferred from numerical integrations in the leading approximations (Kirsch 1969),
giving 4y, ~ 072, ¢ ~ 79° for v =0 and 4, = —1-08 and ¢ = 76° for v = L.
The corresponding behaviour for ¥ may be inferred from the pressure-volume
relation. Clearly from (2.7), the finite-time analysis cannot give a uniformly
valid expansion in ¢ for an unlimited ¢.

2.3. Two transitions to reattachment

Equation (2.7) reveals readily that a non-uniformity of the finite-time analysis
occurs in the period ¢ = O[¢~%30+]. An asymptotic solution for this period, in
turn, leads to a breakdown in a later period ¢ = O[¢~11], as will be evident
from subsequent analyses. For reasons to become obvious later, the first period
of non-uniformity will be designated as the ‘incipient transition period’, and
the second as the ‘principal transition period’. These two non-uniformities may
be seen as the consequence of a frequency modulation—a weak time dependence
of the oscillation frequency. This can best be illustrated by a closer examination
of (2.7), which will also clearly bring out the motivation for introducing the more
appropriate scalings.

Under the stipulation that the non-uniformity arises primarily from a fre-
quency modulation, (2.7) may be interpreted as either of

De—1 ~ — (14 v)24, 160 cos {26409 1 ¢ LetdQb), (2.8a)
Po—1 ~ —(1+v)24,t718) cos {[2 — JetI] A 1 $ 2. (2.8b)

It is apparent that in the period €21+ = O(1) the modulation in the frequency
gives rise to a unit-order phase shift, though its effect on the frequency itself is
negligible. Equation (2.8a) is in fact the correct leading approximation to the
surface pressure perturbation for the incipient transition period where
etd+) = O(1).

Its alternative form (2.85), on the other hand, suggests obviously a breakdown
of the incipient transition solution at et1+) = O(1) where the oscillation frequency
is no longer close to that of cos[2(1+)]. It may be noted in passing that the
second non-uniformity may also be inferred from a comparison of the thicknesses
of the shock layer and the entropy wake in the Cheng & Kirsch (1969) analysis;
the two thicknesses become equal at et = O(1).

It is essential to point out that, to the leading order, the solutions of pertur-
bation quantities for the finite-time period can be matched directly to those for
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the principal transition period, as subsequent analysis will confirm, and that,
to the leading order, the latter contains the incipient transition solutions.t
For the sake of conserving space, the formal analysis for the incipient transition
period will be deleted from §§3 to 6.

2.4, Two trreducible time scales

Equations (2.8a) and (2.8b) suggest that the oscillation period in both transitions
belongs to the same order as that of cos[26302], i.e. O[t32)], which is much
shorter than the incipient transition period by a factor of O(e}), and than the
principal transition period by a factor of O(et). Thus, associated with each
transition period, there will be fwo irreducible, (asymptotically) distinct time
scales. A proper description of the solution must therefore admit both time
scales simultaneously. The suitable scale and the form of expansion for p may be
inferred from (2.7) for either period (under suitable time scales noted above), in as
much as a direct matching of the principal transition and finite-time solutions is
anticipated. Forms for ¥ and other variables may be inferred in a similar manner.

The dynamics of the system during a short interval comparable to the smaller
time scale is, of course, dominated by a nearly harmonic oscillation; however,
the weak feed-back built up over a long period comparable to the larger time
scale is sufficient to alter completely the oscillatory pattern. These facts are
reflected in the method adopted by this study, which employs two time variables
as in Cole & Kevorkian (1963, pp. 113-120) and Cole (1968). The procedure
permits one to solve first the problem with the slow time variable held frozen,
and to remove subsequently the non-uniformity associated with the ‘fast event’
through exercising the slow variable.

3. Basic construction and the proper variables of the principal
transition period

From the foregoing discussion, we anticipate that the shock movement in
the prineipal transition period is described by two variables, ¢ and a relatively
slow one I = 1¢. A time change in the flow variable may then be attributed
to two sources, e.g. dY[dt = 0Y [0t + €l oY [of. However, the two partial
derivatives may have magnitudes different from the order uwnity, and this fact
would lead to incorrect ordering in the asymptotic analysis. A relevant example
is given by Y = cos [w(f) 41+"], which leads to

0Y |6t = OlwY§Re-D] = O[e0-2u] 2 O(1),
and Y [ot = O[w’(}) Y120 = O(e}).
However, a suitable transformation of the fast variable suffices to keep the

partial derivatives bounded, as demonstrated in works of Kuzmak (1959) and
Cole (1968).1 Although the required transformation for the fast variable may be

t A detailed analysis of the incipient transition period, similar to that enunciated in
§§3 to 6 has been carried out.

1 The transformation ds/dt = f(f) in Kuzmak and Cole’s analyses can not be directly
applied to the present problem.
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determined in the course of the analysis, it is expedient, in view of the foregoing
example and (2.7), to assume a form s = w(f) #23 for the new swift variable.

The solution structure must take into account the different entropy levels
which exist in the field. Therefore, in analysing the transition period, we shall
retain the two flow regions in Cheng & Kirsch’s (1969) analysis so as to identify
particles which have been involved in the earlier period, and introduce, in
addition, an outer shock layer to accommodate newcomers. Hence the basic
construction of the principal transition solution consists of three decks corres-
ponding to three ranges of the Lagrangian variable, Y, = y,/b = O(e~Ya), O(1),
and exp [—|O(1/e)|], as shown in table 1.

The form of Lagrangian variables used for the intermediate and inner regions,
Y, and { = (Y§7/o)%, with 0 = 24 (4In2)e+ ..., are the same used by Cheng &
Kirsch (1969) for their shock layer and entropy wake. The last column of the
table indicates the relative physical thickness of the three regions, to be confirmed
in §4.3.

Relative
Fast Slow Lagrangian thickness
variable variable variable in y
Outer (shock layer) 5 = w(f)t i = el 7=y, o)
Intermediate
(inner shock layer) s i Y, Ofetfa+v]
Inner {entropy wake) s 3 E=(Yitv/o)ye o(1)

Tasre 1. The basic construction and the independent variables
of the principal transition period

We remark in passing that the multiple-scale method could be applied to the
present problem for a range O(1) < ¢t < O[¢~Y1+Y] which is wider than the period
t = O[e~M-]considered. However, inclusion of the finite-time period would render
the analysisunnecessarily cumbersome. In thesubsequent analyses, whichexclude
the range { = O(1), the initial condition is therefore replaced by the matching with
the large-time limit of the finite-time solution corresponding to (2.7).

4. Structure of the principal transition period for y, ct, v = 0

In this section and §5, the large-time planar piston problem, i.e. y, oct,» = 0,
is analysed.
4.1. The outer region
Substitution of ¢ = /eI into (2.7) and corresponding equations for other
flow variables, with v = 0, leads to the following form of perturbation solutions
for the outer region

. 2
Ysn _p_140+6t7, P 11elp, P =146
b pxb? P
(0—gu) (4.1)
y_yshz —Fa el Tv__y-?h._=_ 7]
—3 7 —1t+€ty, & 1 +e€1v.
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All perturbation quantities denoted by an overbar, and their derivatives, will
be assumed to be of unit order in this period. With s and f as the fast and the slow
variables, the first and second time derivatives may be expressed, respectively, as

6_1515!23 2
5 a\f) PETeaw

(4.2)
I L ld(Qa &
_— = = € g =t = =)= 62 —
orr 4l os? it osol " 2dE\tt) os or%’
where Q is another slowly-varying function related to w as
Q = w+ 2dw/di. (4.3)

Equations (4.1), (4.2) and the shock condition (2.2) suggest expansions in
ascending powers of €t; e.g.

P = Dols.Bsm) +eXpy(s,59) + €3pa (s, 55 9) +€dpa (5,1, 1) + ... (4.4)
We shall seek uniformly-valid expansions of this form for an unbounded s, and

for f and 7 in their unit-order ranges.}
With the first of (4.1), the shock location Y, = Y reads

p=F+e(l+)+eiy, (4.5)

the required boundary condition at the shock may be reduced to one at 7 = {:

D=0, p1=1 py= Qi_{fo‘s: Ps = Qi_%ym } (4.6)
Po=P1tl=p=p3=0, Yo=U1=Yo=Yz=...=0.
Applying (4.1)—(4.3) to the equations of motion (2.1), we have
[Yi+Fdss+ 45y =0 (6=01), } (£.7a)
Yo+ Folss + 4xP2y = [(Yo+Yo)s— 4x (Yo + Jo)syl xtdy/di, )
Yot P =1p:—P:)s=0 (1=0,1,2), (4.7b)

where the subscripts s and 7 signify partial differentiations and y is a new slowly-
varying function introduced to replace

() = 14/ Q = B/[2{(dw/dl) + »]. (4.8)

Eliminating (Y +y) from (4.7a), we arrive at a system of de-coupled, linear
hyperbolic equations in the variables s and % for the perturbation pressure field

Piss— 4XPigy =0 (2=10,1), }
Dass— 4XD2yy = [Dos — 4XPosy) (dy/di) x7% = f(s,m, %),
with the outer boundary condition at 7 = Q%y
Do=0, Tr=1, Tp=TYPyk (4.9b)
Hence, with the slow variable appearing as a parameter, the pressure field is
basically one in the classical acoustic theory.I We note, in view of (4.7a), that

(4.9a)

1 Although the solutions in their final forms necessarily belong to a class of ‘general
asymptotic expansions’ (Erd’elyi 1961, Kaplun 1967) usage of such notion is avoided in
the solution procedure of the multiple-scale techniques.

1 Terms appearing in (4.9a) can all be generated from an acoustic equation. This is not to
say, however, that the reduced problem can be explicitly solved by standard techniques.
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the particle accelerations in the outer region no longer follow closely that of the
shock as they do in a standard (non-linear) Newtonian theory.

The formulation for the pressure field at this stage is incomplete because of
the lack of an inner boundary condition. With the energy equation, (4.7b), and
the shock boundary conditions, we may relate the density, the particle position
and velocity to the pressure field through

Po=Dy P1=D1—2, Pg=Pp— [?Os]*x_%’

vi= = pan (=012, (4.10)
Qx

o =Yos27x 7t T = 7,27, Uy = 27Ny, + (dy/di) Yoy

where, as in y,, the subscript , in the second-order density correction refers to
the condition at the shock when the particle in question first emerges behind it,
therefore [Y,]4 is a function of 5 only.

The formal solution to the acoustic equation of the leading order, which
satisfies the shock condition, is

Do = Po = P(s—27"xy; x) — P(s+ 27y Iy — Q%5 x). (4.11a)

Through (4.10), we may relate the particle ordinate and velocity to the function
P(E; x)

Yo = 2)(%]

s—3Qext

s—yrmixTh s+ ix -yt

P(g; x)dE+ 2x5f P(&; x) dE, (4.11b)
s—3Qiyt
Dy = P(s— 27y dny; x) + P(s+ 27y~ tn — Q2x3; ) - 2P(s - 1 Q%% x).  (4.11¢)

Using (4.11a) and (4.116) in the equation of motion (4.7a), and integrating
twice with respect to the fast variable, we have

i

s—3Qyt
=4X%f0 Y p(E; ) dE+ A(x) s+ B(), (4.11d)

where the constants of integration 4 and B are functions of y. The determination
of P(£; x), A and B requires an inner boundary condition.

The forms of the first-order corrections, 7,, etc., remain the same as (4.11),
except that a numeral one must be added to the right of (4.11a) for the pressure,
that the same be subtracted for the density, and that a term (7 — Q2y) must be
added to the right of (4.11d) for the particle co-ordinate. Although the second-
order pressure correction is not of immediate interest, its uniformity is crucial
to the determination of the leading-order solution, as previously noted. An
analysis of the second-order problem is therefore carried out below.

It is expedient to write the equation governing p, as

62 m - — :.
4%?2 =f(8’ s X) = F(zaz:X)’ (4~12)

where z = s—271y~iy; Z =s+21y#y. A particular integral can be readily
written which could however contain terms unbounded like s? and s. It turns
out that the apparent divergence at this stage can be avoided by adding suitable
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homogeneous solutions. One may thus arrive at a solution satisfying both (4.12)
and the shock condition (4.96), which is bounded throughout the period
I=0Q1):
Do = Fy(z, X) — Py (2— Q% x) + Gz, 2 x) - GE— Q%4 25 )
+4PE—Q%h x)+ Ayt (413)
where F,(z; x) designates a homogeneous solution for 7,, and the last two terms

result directly from the outer boundary condition. The function G(z,z; ) is the
particular solution

- z—2d _ - d
G FX) = f g e 0+ PE- Q0] G-
x B 2) + By = Qi) - PG Q0 ) 7 (@D +

% [P'(z, y) — P'(G— Q2; x)] +$ [P2(:x) + POk )], (4.14)

where the prime on P signifies the partial derivative with respect to the first
argument, and the subscript y, the partial derivative with respect to the second
argument, of P. This form of particular solution is chosen so that ¢ vanishes at
the shock and remains finite for unbounded s, aslong as #, %, P, P’and P, remain so.

4.2. The intermediate and inner regions

In order to match with the solution of the outer region, and with that of the
shock layer in the earlier period, it is necessary to assume for the intermediate
region [Yy = O(1), refer to table 1] perturbations of the following form

erz/pcob2 =1 +€%ﬁ’ ep/poo = 5’
(y_yah)/b = —Z+e¥h(s,Z) +€?:
(v—gg)T/eb = —1+¢¥D,

(4.15)

where the double overbarred quantities will be taken to be of unit order. We
again seek expansions in ascending powers of et. Noting that Y, in this region
is an order ¢ higher than that in the outer region, it follows from (2.1) that
0p/0Y, = O(e); hence, matching with the outer pressure gives p = p(s, 0; ¥; €) up
to the third-order correction. The density is determined from the particle
isentropic relation § = Y52[1+ O(et)], where Y, is dY/dt at ¥ = Y, = O(1). The
particle ordinate may then be integrated as 7 = f Y2 dY, +g(s, x;€) +O(ed).
Matching the outer limit of ¥ with the inner limit of 7 of §4.2 determines h(s, x)
and g(s, ¥; €) in terms of the expansions of 7, so that we can write

y/b = t+1+el[Y,+ Goly—o+ e[T,+ Gilyso + ei[Yp+ Falyo

—efw(Y1—1)dY*+0(e%), (4.16)

where the last term is an indefinite integral. The existence of the 7 expansions
in the limit % - 0 can be verified to the second-order corrections on the basis of
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the result from §4.1. Note that Y%, hence the integral, depends only on the
shock motion in the earlier (finite-time) period. According to (2.7),

[Y3—1] = O(Y#})
as Y, —oo, therefore, the integral in (4.16) exists in the upper limit. In the

inner limit, ¥, — 0, Y% becomes infinite like 2Y 31 (Cheng & Kirsch 1969), and
the integral of (4.16) becomes

fw (Y2 —1)dY, ~ —ZlnY*+F.P.f Y3 dY,. (4.17)
0

The last integral of (4.17), with ®.p., the finite part, applied to both limits of
the integral, defines a thickness of the intermediate layer of which the mean
location may be identified with the first line on the right of (4.16).

In view of the independent variables s, Z and § of table 1, and the identification
of the inner region with the entropy wake, we anticipate the perturbation
quantities in the inner region to take the following forms:

_p7'2/,ooob2 =1 +€%ﬁ7 ep/poog(l/%)_l = ﬁ:}

4.18
ylb—t=17q, 7vfb=1+¢l7, (4.18)

with all tilde guantities taken to be of unit order. It follows from the equations
of motion that the § expansion can be directly matched to the expansion of 7,
hence P in the limit 9 - 0. The particle-isentropic condition then yields

p = [1+etp-2[[1+ O(e?)],
which gives the particle displacement
y/b = t+ {1+ (21In2)e— [Py + 1P, +€By+ ... 1,0}, (4.19)
where the inner boundary condition § = 0 at { = 0 has also been satisfied.

Comparing (4.19) in the limit {— 1 with (4.16) in the limit ¥,,— 0 shows that
matching of the two inner regions in y can be established provided

Do+ Y, +7, =0, [P+Y+7¥ _,=F.P.me2dY,
[P+ ¥, yo]q—m [P+ 1, yl]ﬂ 0 P (4.20)

[§2+Y2+?72]q—>0 =0, [Dy+Y;+F.P. Ysly—o = [P8ly—05 - - -

Equations (4.20), which involve only the inner limit % — 0 of the outer solution,
are therefore the inner boundary conditions for the P’s desired (for subsequent
discussion, the result for the third-order correction is also included). With (4.20),
matching of the two inner regions in other flow variables is readily verified.
Adopting Cheng & Kirsch’s (1969) definition of the outer-edge ordinate for the
entropy wake, Y,, the four equations shown in (4.20) can be combined to yield

@—-D+5@-1)+ T —t-1)+3(T,—t—1)* = O(e?), (4.21)

which, in the transition period, agrees with the pressure-volume relation derived
previously for the explosion-controlled régime. From a mechanics viewpoint,
(4.20) is interesting in that the inner region, if being looked upon as an elastic
body, responds to the external pressure change according to Hooke’s law.
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5. Final analysis of the principal transition period
5.1. Reduction to an integral-difference equation

Substitution of (4.11a), (4.11b) and (4.11d) into the first of the pressure-volume
relations (4.20) give a linear integral-difference equation

8
P )~ Plo =tk 0+ 2t [ P& ) e
. syt
vop [T PE pder A s+ By =0, (5.1)
which implies a differential-difference equation (p.p.E.) for P(£; y)
P(s; x) = P"(s — Q% ) + 2P (s; X) + 2XP (s — Q%5 x) = 0, (5.1a)
where, as before, the prime signifies a differentiation with respect to the first

argument.
Equation (5.1) admits a solution sinusoidal in s, for an unbounded s, of the form

P(s; x) = C(y)e**+ D(x), (5.2)
provided that 2x%/o = tan [FaQ2y}] (5.3)
and that A = —4xiD, B = 2x}[Q2%xtD —i(2C]x)]. (5.4)

We observe that, in order to match with the oscillatory behaviour (2.7), a
in (5.2)—(5.4) must be real. More important is the fact that « must be independent
of y, otherwise partial y derivatives of P would be unbounded. Since Q%*y = i,
the requirement (5.3) may be alternatively written as

t = pltan—u—nn], p=2x o, (5.5)

where tan—'x refers to the principal value of the arc tangent, and » is an integer
including zero. For reason to be given below, only the prineipal branch of the
solution (» = 0) is used. Since Q = w + 2Idw/d, (5.3) or (5.5) yields a differential
equation for the slow function w(f) needed for the transformation ¢ — s. This gives

" ~n 1 di 1 _ tan—‘udp
w () = |a|o) = 2 Wi = ﬁ{tan 1,u+fO —,u_}’ (5.6)
which is independent of & and completely defines as = w, (f)#* in (5.2). For small
t, u ~ 1, (5.6) then yields |a|w ~ 2, thus recovering the dominant oscillatory
behaviour of (2.7). It must be pointed out that, omitted from (5.6) is a constant
of integration, inclusion of which would have resulted in a phase shift belonging
to the order ¢~% which has no counterpart in (2.7). Not considered in (5.6) are the
branch values of x(f) other than » = 0, which would, however, give rise to an
unwanted behaviour P ~ Cexp[+42t:Inf]+ D for small .

1 We note that if s = O(1), a complete solution to (5.1) would require a knowledge of
the initial data specified over the interval —szi‘ <8<0, and that even for an un-
bounded s, a formal proof of the uniqueness of a bounded solution is not available (see
Bellman & Cooke 1963). The form of (5.2) assures, nevertheless, that P and all its partial
derivatives, are finite for an unbounded s.
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The slow functions C(y) and D(y) remain undetermined. An examination of
(4.11) reveals, however, that the slow function D(yx) of (5.2) can be left arbitrary,
since it never appears in solutions representing physical quantities.

The corresponding results for the next order are of the same forms, except

that the terms -
[sz’zf —~1-%.p f Yi dY*]
0

have to be added to the right of (5.1) and the second of (5.4).

5.2. Secular terms and final solutions
To expedite the determination of C(x), we may differentiate the second and
third of the pressure-volume relation (4.20) twice with respect to s, so that
Prest (1_71"' gl)ss = Pags+ Y%s‘" Yoss =0 (77 -0).

The acceleration terms may be eliminated through the equations of motion
(4.7a), and the first of (4.20). This results in the inner boundary conditions at
7#—> 0 involving the p’s alone

—ﬁlss— 4Xp117 = —i)?ss_ 4Xﬁ21] - (?08— 4X¢Osx) X"i(dx/di) =0, (57)
which, through (4.9a), may be written alternatively as

Pip—DP1y = Payy— P2y = 0, (1>0). (5.7a)

Applying (5.7) to the results of §4.2, we arrive at equations comparable to
the .D.E. (5.1a)
Pgll._P;'.r_"zX%(Pi"'Pir):Os } (5.8)
Py~ P+ 2x4(Py+ Py,) = W(s; x), '
where the prime, as before, stands for differentiation with respect to s, and the
subseript » signifies a retarded s, e.g. P, = P(s— Q2y}; x). The forcing function
W(s; x) depends on the leading-order solution P,} i.e. on P = C(y) €S+ D(y),
and may be expressed as

= igg %@ iaS[ e
-~ e g e s o+ Twe ), (5.9)
with
F0) = —2tia) (1 - e-io0%0) 4 2102 [2xHicr) + o] 1o,
a(Q%x%)

J(1) = (i)(1 = e71o0) £ 2R (2022 + %) o+ (i) x4 — a0 Jemie

+4xt Ed,; (X Q)+ 2y (dor) ] 2%,

d ’ ” E , , ,
tw=yxt d—i‘. :znzx%@x%P,x —Pl)— 4x}(B, + P,,) — 4x(P,,— P,,) + (P'— P))
+[ 5 @b | toxop =P + 0oy~ i) + 4P )
P, = 8P(3;X)[0x, Pry =[0P(E; X)/0X )5 —qayhr*

Note: aQ2y? = 2 tan~1(2x}/a); d(Q2x})/dy = 2y~ He2 + 4y) L.
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Hence the forcing function in the 0.D.E. consists of two terms, with one being
independent of s, and the other being proportional to e’#s. The first term gives
a particular solution proportional to s, and the second leads to resonant solution
proportional to se*s. Therefore, the second-order correction would be un-
bounded with s, unless W vanishes identically. The last provision requires

dDjdy = 0, f(x)dCjdy+J(x)C = 0. (5.10)

Integrating (5.10) with respect to the slow variable y, which except in (5.6) has
remained dormant up to this stage (!), gives the required form of C(y)and D(y)
for the uniformity of the expansion (3.4) with respect to the unbounded s

D = Dy, const., C(x) = exp{—fa(J/f)dx}, (5.11)

where D, and @ are constants of integration, to be determined presently.
Inspection of (5.3), (5.6) and (5.10) shows that aw, y/a?, Q%?, flad, Jfa, C
and D, hence P, are invariant with respect to o except for a dependence on its
sign. It follows that, in terms of ¢ and , C(yy) has only two forms, say, C*(f) and
C—(f). The entire family of solutions for —o0 < & < o0 are represented by
P = PH(t;8)+ P(t;F) = C+(f) en® 4 O—(F) e—tn®¥t L D, (5.12)
In the inmer limit {—0, with y ~ }a%, Q~ 2/a, f~ 16y +0(x?), and
J ~ 20x% +O(x), (5.11) gives
» CF ;
Ct(F) ~ =2 [1+ 0(F})],
(B ~ 7 [1+0()] 5.13)
aw = to,{)~ +2[1-7/18],
where C§ and Cj are the constants of integration (replacing a) for Ct and C-,
respectively. With (5.13), (4.11a) yields the perturbation pressure in the imitf—> 0

P~ %{03 exp [1(2t% + im)] + Cgexp [— (288 + 3m)} (1 — (9/D)} {1 - —1% [3/elt + } .
(5.14)

This is to be compared with the large-time limit (¢ — 00) of the finite-time solution
(Cheng & Kirsch 1969) corresponding to (2.7), written in terms of ¢, # and 7,

B~ —{(Ao/) cos (282 + By) + By [B¥/elt sin (282 + o) + ... 1 = (/D] (5.15)

A common domain of validity exists for (5.14) and (5.15) in the range ¢ < f < €%
(for 0 < 5 < 7 and an unbounded s) where matching identifies

O = LA, ei@otin Oy = LA, e %otim, (5.16)
The function P(s; y) is now completely determined and can be written as
P(s; x) = (Ao/p?) e*®sin (|a|s — o+ @) (6.17)

where, as before, x is the inverse of { = g tan—1x, and

K = Refo E—%]dx - fo {(1 +p2) [(1 +Zﬁ6) tan=1 p+ u] —%%}’

J 5 _
o(p) Elmfo[f—ﬁ]dx = —tan~1lu.
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With (5.17) and (4.11a), we arrive at the complete pressure field p in the transi-
tion period, written as a function of ¢ and {,

Do = —Ao(e*@uk) cos {w; () 2 + o} sin {tan—" u[1— (9/})]}, (5.18)

where w,(f) has been defined in (5.6). Corresponding solutions for other flow
quantities may be obtained through (5.17) and (4.11).

5.3. Small and large time behaviour

The foregoing analysis gives a valid description (under the Newtonian approxi-
mation) of the transition from an explosion-controlled régime to the final
reattachment of the shock layer. Because of the two-time character of the
solution in o, (f)¢}, application of (5.18) to the physical problem (with et sub-
stituting f) reveals that the range of f < 1, as well as that of > 1, contain in
themselves several rather distinct stages. This observation should have been
apparent from the form of p given in (5.14) for the inner limit - 0; namely, the
behaviour

P~ —(Aoftt) cos (2t + &) [1— (/D)) (5.19)

does not hold for all f < 1, its validity, according to (5.14) requires # < e¥. For
t = O(e}), noting that o, ~ 2—1/9, the argument under the cosine in (5.18)
becomes [2t} + ¢, —i/9¢}], where the third term inside the bracket contributes to
a unit-order phase shift and therefore cannot be omitted. It is apparent that the
departure from the explosion-controlled régime at small £ must involve at least
three distinct stages: € < I < ¥, # = O(e?) and et < ¥ < 1. The departure in 7 is
small in the first stage, is not small (but mainly in the form of a phase shift) in
the second stage, and, in the third stage, both frequency and damping rate vary.

The stage at f = O(e~}), i.e. t = O(e?), coincides with the incipient transition
period mentioned in §§2.3 and 2.4. It is important to point out that an asymptotic
analysis of this period in the leading order, based on a slow-time scale of the order
¢~%, recovers precisely (2.8a) and the phase shift noted above. This confirms the
statement made earlier that the incipient transition solution is contained in
the principal transition solution (at least for the leading approximations for
p, Y, ete.).

For f » 1, one has g ~ 2f[m and

K ~ —3Inp+T.P. k(00) + 0(#‘3),} (5.20)

o, ~ rlnp+ i+ O(p3).

Owing to the two-time character of the solution, the transition at large f again
gives rise to a number of distinct stages. The last stage of transition to the limit
{— o0, according to (5.18) is
Do ~ — (§m)2A e rx(®) ! cos |- 1n (% o ¢of cos{my/2l}, (5.21)
Po 0 it 2 \m) " 22770 /&g :
which, to be sure, requires ety® > 1, i.e. ¢ > 1. One sees from above that,
even towards the end of the transition, the oscillation persists and the damping

rate remains algebraic. But both frequency and amplitude are reduced at rates
much faster than those for small { [compare (5.21) with (5.19)].
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6. The problem of an expanding cylinder (y, «c ¢, v = 1)

In this section, the corresponding cylindrical problem will be presented.
Much of the detail will be forsaken to conserve space; only major differences
from the plane case will be emphasized.

From the large-time behaviour of the finite-time solution, e.g. (2.7), and the
form of independent variables given in table 1 in §3 the following expansions
are assunied for the outer region.

(Ysn/D) —t = 1/(20) + €(/2) + Xy + 2T, + ...,
®7)/(pb?) = 1+ €¥po+€py+ ..., (6.1)
(5~ Yan) b = eb(n*—)/(2) + 6o + 617, +
It is noted that the perturbations progress in } powers of ¢, instead of 1 powers
as in the plane case. The expansions for p and v can be easily inferred.

With the expansions (6.1), the exact problem (2.1) can be manipulated to
yield the equations for the pressure perturbations

%4 %Py =0,

952 X on?

_ (6.2)
OB P pll P (2 149 3p0 2
a2 Wi 332 Pol'= 0 zsale T | Qi B @ Qe

where 7, = 9%, x; =1/Q, = I/[{(dw/dl)+ v]. These equations are analogous to
(4.9a), except that the perturbation 7, in the cylindrical case is influenced by the
non-linear effect (p,)2. In terms of the characteristic variables 2, = s —#,/(2y,)
and z; = s+ 7,/(2x,), the solution of B, can be readily given in terms of a known

function ¢ Do = Qz1, 1) — Q2 — B/x1, 8), (6.3)

which satisfies the first-order shock condition 7, = 0 at 5, = {2 Corresponding
results for the streamline displacement and shock position are

_ 1 s—mi(2x0) 8+m/(2x1) — T x:
yo=—51{f Q1) dE+ Q(é,t)dé},

- b s—H() (6.4)

—— -‘%‘(QJ) - .
Y- o [T e 4,054 B0,
1Jo
Finally, p, can be obtained for (6.2) in the form

Dy = Q1 (21, x1) — Q1 (21— Q3 x1, X1) + H(21, 20, x1) — H(Z — Q331,20 Xl)
+4QF, - Q3 xy, x1) +22, 4, () - 1/(Q x1)%  (6.5)

where the undetermined function ), is the complementary solution, and the last
three terms are due to the non-homogeneous first-order correction in the shock
condition. The function H is a particular solution. We shall forsake the details
of H, except to mention that its form, like the G of (4.14), is chosen so that H
vanishes at 7, = {2 and is finite for unbounded s.

In the intermediate region, y, is of order unity and it can be shown from (2.1)
that (0p/dys) = O(e?). Thus by matching with the outer region, the pressure is
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uniform and determined by the inner limit of 7 subject to an error O(e?). With this
for p and the particle-isentropic condition to determine the density, one obtains

(y/b) = t+1/(26) + 6[?0 +Yoly—o+ lc3%[?1 +Y1)y—0

+ef2InY,)/i—eti-1r.p. meiY*dY* +0(e?), (6.6)

which matches with the outer-region solution.

In the inner region, the variable ¢ is used instead of Y, and the pressure
gradient is exponentially small. With the particle-isentropic condition, and the
boundary condition (2.3), (2.4) yields
y_ { [2+e4In2+40(e?)] & }%
b U 261+ edhy(s,7, 0) +€Pa (5,7, 0) + Oeh)])
Comparing the inner limit (¥, — 0) of (6.6) and the outer limit ({— 1) of (6.7), the
matching between the intermediate and inner regions is accomplished provided

Yo+ Fo+Bo/(20)]0 = O,

- 1 © 1
Y1+ %+ (P1—D8)/(2)])0 = 7 F-P. V%Y, dY, ey
t 0 8t

(6.7)

(6.8)

which corresponds to (4.20) in the plane case and may be identified with the
pressure-volume relation of Cheng & Kirsch (1969). Equations (6.8) perform
the role of inner boundary conditions to determine the functions @, @,, 4, and B,.

Applying (6.3) and (6.4) to the first of (6.8) yields a linear integral-difference
equation, which can be reduced to a D.D.E. comparable to (5.1a):

Q"(s,8) — Q" (s — %31, ) + (/) [Q'(s, ) + Q' (s —¥/x1,1)] = . (6.9)
The latter admits, quite similar to the plane case, a solution of the form

Q(s,t) = Cy (B e+ D, §) (8.10)

provided that 2y, /oy = tan (e, Q2 y,). (6.11)

Through the integral-difference equation, the functions 4, and B, are related to
the functions C, and D, as

Al(z) = _(2/91) Dl(f): BI(E) = EDl(E)”i(z/“lgl) Cl(f)' (6-12)

Parallel to the development in the plane case, (6.11) and the definitions of Q,
and y; determine the transform function w(t):

" w1 dif® 1 1 tan—udp
w, (@) = |ay|o) = —t:fo,u(fz) = Z{'o.a,n ,u+f0 T} (6.13)
where u(£) is the same function given by (5.5) with n = 0.
From the second of (6.8), inner boundary conditions for the pressure in

precisely the same form as (5.7a) can be obtained, into which the results of
(6.5) and (6.10) are substituted, to yield

Q1 (s, X1) — Q1 (s — Q¥ x1, X1) + 2x1[@1 (S, 1) + €1 (s — QF X1, X1)]
= B(y1) +€s {L(x,) (dCy/dx,) + M (1) C; + N(x1) CL Dy} + K () Ciei2», (6.14)

17 FLM 48
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where E, L, M, N and K are known functions of the slow variable y,. The right-
hand side of (6.14) has three types of terms according to their functional de-
pendence of s. The first type is independent of s and induces a particular solution
for @, proportional to s. The second type is proportional to s and leads to
the resonant solution for @,. The third type arises due to the non-linear effect
and leads to an oscillatory solution proportional to e*%5, In order to keep
@, bounded, we set both E(yx;) and the sum inside bracket { } equal to zero,

leading to D, = Dyl -Q1X1)%’ }
L(x,) (dCy/dxy) + [ M (x1) + N(x1) D,1C; = 0.

Unlike the function D in (5.11) for the plane case, D, will influence the physical
quantities through €, and hence must be completely determined. It can be
shown, however, that the integration constant D,,is to be matched to a non-
existent perturbation of the order ¢ in the incipient-transition period; therefore,
D, must be taken to be zero identically.

The determination of (), i.e. the second of integration of (6.15) and the
matching with the large-time behaviour of the finite-time solution (2.7), follows
that in the plane case. The solution yields the surface pressure in the prinecipal
transition period

[(P72)/(Pb®)]yg = L —ed4dy e 1@ p2(1 + p2)] % cos [w; () E+ §o] + Ole), (6.16)

where Ky (1) = ifo {( [(B—pH)tan—tu—u]du d/‘]’

(6.15)

1+ pf) tan= ulp+ (1+p) tan ] g
which, like the plane case, contains the incipient-transition solution (2.8a) (to
the first perturbation) as can be shown. Toward the end of this period, (6.16) gives

3
(798N = 1— ety (2m) oo | Zin ((2)'F) + g5+ 0] + 00 T>co,

7. Discussion of final results
7.1. Transition curve for surface pressure

To illustrate the complete transition, we give in figures 2 and 3 the pressure on
contact surfaces y, cct in planar and axisymmetric cases, which are computed
from (5.18) and (6.16) for a value of € = 1 (i.e. y = ). The results of the earlier
period are shown (in fine line) as §, = p,/p. ¥ 2 vs. t; to facilitate comparison, the
transition solutions (in bold line) are presented in the same variables. The need
for taking e to a specific value follows from the two-time character of the solutions,
which precludes the possibility of scaling out e entirely from the computed
results. It may be pointed out that the constants of integration for the transition
solutions cannot be arbitrarily adjusted, but are determined by the constants
Ay and @, of (2.7) associated with the earlier period.

The existence of an overlapping range for the two solutions is evident from
either figure. Compared to the earlier period results, the oscillations in the
transition solutions give much smaller overshoots and undershoots and approach
the asymptotic limits much sooner, bearing out the terminal behaviours (5.21)
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10
Present solution (v=0,w=1, ¢=1)
Pe 1 |
N Cheng et al. (1961)
01 1 11t 1311
01 1 10 100

¢

Figure 2. An example of the surface pressure history in the planar case of y, oct with
€= (y—1)/2y =1, The variables D, and ¢ are dimensionless surface pressure and time,
based on p %2 and (p,, b%/2¢H,)?, respectively.

10
Cheng (1960)
Do 1 -
E Present solution (v=1,0=1, e=1%)
0.10.1 1 1 teyl 11 t m 100

FicUrE 3. The surface pressure history in the cylindrical case of y, oct with ¢ = (y—1)/
2y =1. The variables P, and ¢ are dimensionless surface pressure and time, based on
P Y2 and (7, b%/ 2¢E,)%, respectively.

17-2
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and (6.17). We note that corrections to the transition solutions in the next
order, which are O(e}) for v = 0 and O(e?) for v = 1, are needed for a consistent
match with the second-order solutions of Cheng & Kirsch (1969) and Kirsch
(1969). A direct comparison of the present leading-order results with numerical
characteristic solutions for ¢ =1 (Cleary & Axelson 1964; Cleary 1965;
Henderson et al. 1966), is therefore not too meaningful at this stage and is
omitted here.

7.2. Comparison with a shock acoustic-wave interaction analysis

The final approach given by (5.21) and (6.17), i.e. written in ¢, can be combined
in a form which also applies to the spherical case

A®) [77(1+v) K ]

Pe~ 1+€£t%(4+3p)cos 91 lnt+;%l’+L,,+0 (7.1)
where A(v), K, and L, are constants independent of €. Thus, near the end of
the transition, the oscillation period increases with ¢ like 4e¥t/(1+v) and the
amplitude decays like t—44t3). The decrease in the period with the index v
shown above could have been inferred from an examination of the frequency
of acoustic-wave reflexion between the shock and piston, ignoring the entropy
walke. In the Newtonian limit, the distance between the strong shock and the
driving piston y, oc t is ey,/(1+v), it follows that the period for a complete re-
flexion of the acoustic wave is precisely 4¢¥t/(1 + ).

In the absence of the entropy wake, i.e. without the initial explosion, the
acoustic reflexion problem last mentioned is, of course, equivalent for the planar
case, to the classical problem of shock/Mach-wave interaction in a supersonic
wedge flow treated previously by Lighthill (1949), Chu (1952), and Chernyi
(1959). Although not explicitly brought out by these authors, the problem
admits, at large time, a family of oscillatory eigensolutions

P, oC t—4n = {—o+ibn, (7.2)

where 4, are complex exponents. This form was discovered by Ellinwood (1967)
in his study of asymptotic hypersonic flows of blunted wedges and blunted
cones; Ellinwood’s basic model leads to inconsistent results for blunted cones
and its full validity may be questioned, but the reduced equations solved are
precisely those for the shock/acoustic-wave interaction (without the initial
explosion) cited.t In the Newtonian limit, the exponent A4, of (7.2) can be
obtained, for y, o f, as

A, = —34+3)+iln(1+2n)/et (n=0,1,2,3,4,...). (7.3)

Thus the oscillatory decay of the present solution, (7.1), agrees with the large-
time eigensolutions of the shock/acoustic-wave problem, but the comparison
shows that only the fundamental mode of (7.3) is excited.} It should be pointed

+ Large-time eigensolutions of the type (7.2) has also been studied recently by
Stewartson & Thompson (1970) for a pure blast wave (y, = 0).

1 The second mode corresponding to n =1 may be seen to tie up with the term p3
appearing in (4.20), (6.2) and (6.8), which is seen to enter in the next approximation for
the cylindrical case.
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out that (7.2) and (7.3) give no preference to any particular mode, since the
exponent of ¢ in the amplitude is — }(4+ 3v), independent of n. For this reason,
(7.2) and (7.3) constitute no valid evidence of an oscillatory decay (inasmuch
as a non-oscillatory funetion may submit to the Fourier analysis).

Although the validity of the present solution at large ¥ could be established
through demonstrating regularity in the higher-order expansions, the foregoing
discussion has left little doubt of its uniformity concerning the amplitude and
frequency. It is interesting to note that, according to Schneider (1968), Chernyi’s
(1959) solution for y,cct in the planar case should behave at large ¢ like
t—% cos (Int/et + const.), which may be compared with ¢~2cos (77 In#/2¢ + const.)
from (7.1).

8. Concluding remarks

The foregoing analysis yields a description of the successive stages in which
the shock layer produced by a point explosion reattaches to a driving piston;
this, together with the earlier analyses (Cheng & Kirsch 1969), completes an
approximate, but uniformly valid, dynamical picture of the problem studied.
For the case y, oc t analysed, the principal transition occurs in { = ¢U/+% = O(1)
where the solution has a three-deck construction. The analysis shows that the
dynamics of the transition is dominated by an oscillation subject to modulations
in both amplitude and frequency. In an interval of small 7 corresponding to
1 €t € 2810, the perturbation solution decays like 1/#@+) and oscillates
with a frequency (27)~1(1+v)¢~#0-», matching and confirming the earlier
results of Cheng (1960) and Cheng et al. (1961). At a { sufficiently large, the
amplitude decays more rapidly as e~#~#4+3), and the frequency reduces further
to 1m(14v)e ¥ This terminal behaviour is identified with the asymptotic
form of a fundamental acoustic mode found in problems without explosion.

Unlike the analysis for the earlier period (Cheng & Kirsch 1969), the arena
for the present analysis lies in the outer shock layer which, in the period under
study, is found to be governed basically by an acoustic equation. The essential
ingredient, which distinguishes the present analysis from a standard acoustic
problem, are fed by the entropy wake. The wake imposes a singular, two-time
character to the ‘initial data’, (2.7), and furnishes an inner boundary condition
to the outer shock layer, as if it were a compliable surface. From the viewpoint
of the Newtonian theory, the recovery of the acoustic equation is significant in
revealing that the Busemann pressure formula tends to exaggerate the particle
acceleration and is inadequate in describing certain important details of the
reattachment.
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